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Boundedness of Moduli
.



What we've done so far :

T.heoreml.2-CX.LY log pair see
,
coeffs of C- 6. ☐ NQ .

I : ✗→ U pry morphism sue
.

U smooth
,
CX, d) log smooth over U

.

If 7-
0 EU sie. (Xo , do) has a good minimal model

,

{
(×

, a) has good minimal model over U

All fibres have good minimal models

Corh3_ (X, a) log pair sut
.
A Q - divisor

✗ → U flare pry morphism se. U smooth & Supp I

contain neither a component of a fibre nor a
colour 1

component of the singular locus of a fibre

Then Uo = { uo- U / Ku , Au) He & has a good minimal model}
75 constructible .



↳mma222_ f : ✗ →2 bar'2 morphism % Ic pars El)&(ZB)

suppose Kx -14 big & (×, d) has a k model g :X
- -→ T

.

If f* a ≤ B and Vol (X, kx -14) = v01 (Z, Kz + B)
,

then the induced bar'2 map
Z - - - - → Y is the Ic model

of (Z, B).

¥-28.1 (× , a) log smooth pair . Suppose La] =0.

Then ⇒
a : Y → × sequence of smooth blowups of the

strata of (X , d) such that if we write

Ky -1T = at (Kx + a) + E where 72-0 and E- 3-0

have no common components , at T =D and ay E- = 0
,

then no two components
of T >neersece

.

Cor43_ Tri ✗ → U be a projective contraction morphism to

smooth variety V.

(× , G) log smooth over U & coeffs of ≤ 1
.

Then Vol ( Xu , Kxu + au) is independent of UGU
.

(Abbreviations)
[ALI : ACC for Lots ( Macon - McKernan- Xu)

[BAI : On Bw'2 Automorphisms of varieties of general type
( n )



↳mma%l_ WEPT, I C [ 0, I] DCC set
.

Fix a log smooth pair CZ
, B) where Z pray variety .

Lee 7-⇐ { (× , a) log smooth / v01 (X , Kita) = w
coeff 's of ≤I

⇒

sequence of smooth blow ups f- : ✗ →2

of the strata of B se
. f*& ≤B}

Then
7-

sequence of blow ups T
→2 of the strata of B

It. thx , a) c- F : Vol (Y
, Ky + T) = w

(T : = (serve transform of D) 1- (except tons of Y - - - DX ))

p¥|Idea)- Choose Y well ⇒ vol (Ky 1-AT) ≤ vollkx 1- d) =w for a < 1

Then use DCC in volumes !

n = dim Z
,

assume I C- I
,

G : = { CY, T) log smooth / Y pray dim n
,
coeft's of TGI}

([ALI , 0.21) V - {volts Ky-17J / CY, 7) EG} satisfies DCC .

→
7-
s > 0 : rot (4,14+7) ≤ w +8 ⇒ uol.LY, Ky -17) ≤ w .

(EALI , G.31 ) % -0N ! %
,
7) EG : Ky -1T big ⇒ 14-1%7 big ,



Pick e > O se
, 4- e)

^

> ⇒f and see a = I - -{ ( 1
.

Ky + AT = G- e)(Ky + 7) + E ( Ky -1T)
so v01 (Ky 1- AT) Z 4- e) ^ rot Cky -1T)

≥⇒ rot Cky -171 .

§[[°g¥B§"?É5
can apply 12.8.11 !

7-

g
: Y →2 s

. -4 Ky 1- Ivo =g*(KataB) + Eo

{
Zo ¥9 EZO no common components

* Zo - aB , 8*5=0

⇒ no two components of £0 Intersect .

In particular, CY , Io ) terminal
.

Pick (X, a) EF,
T = Gerke transform of d)

A + (except dues of h :X -→×)
x

E : - gt.CAT/--af*a ≤ aB .h ⇒off
.

'

'

(Z8)Ht→applyC2*#

p Y → 2. §
✓
Ky + E - g*(Kz + F) 1- E

g
{
EZO

,
EZO no common components

9*8=8 , g*E = 0.
Since £ ≤ aB

,
≤ Eo .

⇒ CY, £1 terminal
.



Re④ [BAI Lemma 5.3.04
(X
, a) pry . log pair, X

,
Y Q -factorial .

✗ Est brr
'

2
,

Q = I ^ L#,g ,

then

Vol (14+4) = vollkx -10-1 . ↓
(Kx-1L-*↳✗

= #(Ky -1T¥ a) + E)

Lee O : = £ 1 AT
,
I : = (seat transform of ⊖ on X)

.

⇒ I ≤ ad ≤ d.

Vol (Y, Ky +AT) = v01 (Y, Ky -10-1 ([BAI G. 3. ⇔ ))
= Vol (X, Kx +E) ( CIA) terminal)
≤ vol (× , Kx +A) = Wi

w ≤ vol (Y, Ky + 7) ≤# volt, Ky +at) ≤ w -18,

W

⇒ uol.LY , the -17J = w .

☐



lemman.2-n-CZ-t.wo-IRTICE.LI DCC see
.

F. = {CX, d) k pairs / ✗ pray din n
,
coeff's of a EI,

Vol (X
,
Kx + a) = w } .

Then
⇒

pray morphism 2→ U & log smooch pair

(Z, B) over U

sue , (×, a) c- 7- :
⇒
a EU and birth

map fu :X
-→ Zu

such that vol (Zu , Kzu +E) = w

(E : = Gerke transform of a) 1- (except dues of fi
' ) )

fidei • F log biraeionalhy bounded ⇒ take a protoeype Z
- U

• some modifications → prove the volume property for
use

pairs Cxo
,
do) sit.

⇒
smooth blowups Xo →Zo ((7. D)

• use deformation invariance of volume (1%31)
Assume I c-I.

7- is log biratronally bounded !

→
7-

pray morphism Z → U & log pair to, B) over U

s.tn CX , d) C- F :
⇒
u EU and bar'2 map fu :X -

-→Zu

such that Supp E E Supp Bu
.

Also
, can assume {CZ

B) log smooth over U

>neoseeeron of strata of B w/ fibres
is irreducible

(EBAI proof of 61.91)



(fiber of Zae d)
Fix closed

pone
0 EU

. ↓

Fo = {(Xo
,
do) G- F)

⇒
smooth blow ups &

: Xo →Zo of the

serrata of Bo wieh f-* do ≤ Bo} .
(7. 1) ⇒

7-

sequence of blow ups g : Yo →Zo of the strata

of Bo sue . (Xo
,
4) 0-70 : v01 (Yo, Kyo + To ) = W .

X

(Gerke transform of do)+Gxcep% tons of Yo-→

Lee g :'(
→ 2

sequence
of blowups of the seraea of B

induced by go .
C : = Genet transform of B) + fcxogp '2 divs of g) .

& = {Cxo, Ao) C- F) ⇒
smooth blow ups f- : Xo→ Yo of the

strata of Co with f-* do ≤ Co}

F
, E % . (* fi ✗◦ → Yo → Xo ± To ↳ Zo)

(Xo
,
Do) c- 27 : f-☆ do = Gerke transform of do]

⇒ v01 (Yo , Kyo 1- f*Ao) = w
do Xo → To

f-

{
↳ B) by gy , a)

""⇐
'
ko -11¥ ay

/go Now replace =w
.

Zo

Fo by Fi



Now I show this Z → U & ⇐ B) works
.

(×, a) G- 7- : Pick u c- U w/ × . _→ Zu birth
.

By EBA] (proof of a.91) , 7-6×54') log smooth over Zu see
,

× .BE?-sx '
and X' →Za blows up the serrata of Bu'

'

"Ek
and volk , kx -1 d) = uol.CN, kx, -14

' ) .
G-W) Czw)

Replace CX, d) by Cxl, d') ⇒ assume (×, d) log smooth

over Zu & ✗ → Zu blows up the semen of Bu
.

Lee h : W →Z blow up the corresponding seraea of B

se
, Wu = ×, ha = f.

Also @ : = divisor on W such that Qi =D
.

↑on 14.3) ⇒ Vol (Wo
,
Kw
.

-1 %) = vol(Wu, Kwa -10in)
⑦ W h→z = v01 (×

, Kx + d) = w
'

; ⇒ (Wo, A) C- Fo
.

hu=f
"
"
→ ↳ ☒ """"" " "" P""

§
☒⇐↳&

fuels Tf '

,

V01 Ko
, Keo
-

tho# a) = w .

→ {
& =ho*Q

'

zu=( seres transform )ho of 4

a Wo→ Zo µ #⇒ <+→oep% dry
v01 Ru , Kai + Zu)

☐



Propria Fk an integer n
,
a constant d , IC [911 DCC see ,
/ ✗ """ ☒ "⇒

"" " "^^

}CX, d) log canonical

McG 431 = { (X, 4) / coeff's of d C- I

Kxtc ample IQ- divisor

lkx + a)
^
=D

Is bounded
.

In particular,
7-
thee Io sit. Faln , d. Io ) = Fick , d, I) .

PE For any pair Cx, a) C- 7%6 ,
d
,
2)

,

lee ✗ = ×
,

221

and Chie
, 4) corresponding to

pair .

⇒ {
¥+4 is ample

due Ctx, + E)
"

→ D= Idi
.

There are only finitely many tuples Cd , " idiot ,

and it suffices to show the see F C- Pyotr, d, 3)

of irreducible pairs is bounded
.



(7. 2) ⇒
⇒

pray morphism 2.→ U and a lag smooth

pair CZ, B) over U

sie. Vfx , a) C- 7 :
7-
u EU and

a
birational

map

fu : Zu -→ × such that Volker , Kea +E) =D.
a-

( (sake transform of d)+Ha- exoep'2 divisors))
12.2.2) ⇒ fu 7s the log canonical model of Gu , E) .

G. 3) → Replace U by a finite dropout union of loco subsets

and then assume

every
fiber of the morphism

has a log canon>cel model
.

Lovely , replace EG B) by the log canonical model over U

⇒ the fibers of the morphism are the elements of F.
☐



Theoreml.llmamkesnle.FM
an integer n

,
a constant d , IC [911 DCC see ,
/ ✗ = """ ☒ "" "" " "^^

}CX, a) she

Bick , 431 = { (X, 4) / coeff's of a c- I

Kxtc ample IQ- divisor

lkx + a)
^
=D

Is bounded
.

In particular,
7-
fusee Io sit. Faln , d, Io ) = Fsk § , d, I) .

PE
Triples 644 n) where

• Cx, d) C- EKG , dis
Fa, G , g zy gT = { . • ;s→s ⇒ an moham}of the normalisation of a

dhrsor supported on KY
which fixes the Diff =

Ckx -1011s - ks

1%31 ⇒ 7%6 , d, 2) bounded

→ T bounded ⇒ Fsk God, 3) bounded.
11


